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 Journal for Research in Mathematics Education

 1996, Vol. 27, No. 3, 354-379

 ENGAGING WHOLE-NUMBER KNOWLEDGE FOR

 RATIONAL-NUMBER LEARNING USING A

 COMPUTER-BASED TOOL

 ROBERT P. HUNTING, La Trobe University
 GARY DAVIS, University of Southampton

 CATHERINE A. PEARN, La Trobe University

 We present data from a two-year teaching experiment involving 8- and 9-year-old children. The

 purpose of the teaching experiment was to investigate children's fraction learning and the role their

 whole-number knowledge might play in it. A major source for the children's experiences and exper-

 iments was an operator-like computer program called Copycat. In particular, we focus on the accom-

 plishments of Elliot and Shannon as they solved fraction comparison problems. We identify and

 discuss three cognitive schemes that Elliot and Shannon used. These were an Equal Outputs scheme,

 limited in effectiveness to unit fraction comparisons; an Equal Inputs scheme that activated
 strategies for determining a common multiple; and a Scaling scheme in which fractions were scaled

 up or down using ratios. The major focus of the discussion is the role whole-number knowledge

 played in the application of these schemes. This study demonstrates an interdependence between

 development of rational-number knowledge and whole-number knowledge. Rational-number tasks

 in operator settings can help stimulate and extend children's whole-number knowledge. Facility

 with whole-number relationships enables students to solve fraction comparison problems.

 Behr, Harel, Post, and Lesh (1992) have noted that considerable mathematics edu-

 cation research has been conducted on topics closely related to the area of rational

 numbers and proportional reasoning, as for example, whole-number arithmetic (Carpenter

 & Moser, 1982; Steffe, Cobb, & von Glasersfeld, 1988), algebra (Wagner &
 Kieran, 1989), and problem solving (Charles & Silver, 1989). They further
 observed that although research on these parallel topics has been progressing
 simultaneously, developmental interdependencies between topics are not clear.

 We know that certain ideas about fractions, ratios, or proportions are developing at the
 same time as some concepts related to (a) whole number multiplication and "composite
 units" (Steffe, von Glasersfeld, Richards, & Cobb, 1983), (b) exponentiation and
 "unit splitting operations" (Confrey, 1988), or (c) rates or "intensive measures" (Hart,
 1981; Kaput, 1985; Schwartz, 1988). Yet, in general little is known about developmental
 interrelationships. (Behr et al., 1992, p. 299)

 Efforts aimed at understanding the informal mathematics knowledge that chil-
 dren bring to formal schooling have been productive in the area of whole numbers

 We are thankful for the cooperation and assistance of the principal, Kevin Maguire, and
 staff of the Bulleen Primary School, Melbourne, Victoria. An earlier version of this paper was
 presented at the Annual Meeting of the American Educational Research Association, New Orleans,
 April 1994. The research reported in this paper was supported by a grant from the Australian
 Research Council.
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 Robert P. Hunting, Gary Davis, and Catherine A. Pearn 355

 (Carpenter, 1985; Fuson, 1988) and, more recently, rational-number learning
 (Hunting & Davis, 1991; Lamon, 1993a; Mack, 1993; Resnick & Singer, 1993;
 Streefland, 1991). Carpenter, Fennema, and Romberg (1993) observed that students'
 understanding of some of the basic principles underlying rational numbers could
 be tapped if they are given realistic problems that do not emphasize symbolic manip-
 ulations. This study reports on the accomplishments of two 9-year-old children who

 participated in a year-long teaching experiment. These children learned about
 fractions using a computer program called Copycat. This computer tool was a major
 source of the children's experiences and experiments. It emphasized fractions as
 operators and was designed to draw on existing whole-number knowledge. The study's

 aim was to investigate what basic fraction knowledge might be learned in a con-
 text where children's knowledge of whole-number relationships, including numer-
 ical sequences, was needed. The whole-number knowledge needed to succeed with
 the computer-based fraction tasks drew on preschool and early school experiences
 foundational to formal symbolic manipulation. In that sense it was informal knowl-
 edge. We will detail several cognitive schemes developed by these children as they
 learned to solve fraction-comparison problems. A surprising outcome of the study
 was the degree of interdependence observed between the development of whole-
 number concepts and relationships and basic fraction knowledge.

 By the time fraction instruction commences, children have considerable knowl-
 edge of whole numbers and how they work. It has been observed that children's whole-

 number schemes interfere with the acquisition of fraction knowledge (Behr,
 Wachsmuth, Post, & Lesh, 1984; Gray, 1993; Hunting, 1986; Streefland, 1984, 1991;
 Tirosh, Wilson, Graeber, & Fischbein, 1993). Recently attention has turned to inves-

 tigating ways in which the whole numbers might assist, and indeed form a basis for,

 developing concepts of rational numbers (Carraher, 1993; Steffe & Olive, 1993).
 Fractions have many interpretations, including that of measure, quotient, ratio, and

 operator (Kieren, 1976, 1988, 1993). The interpretation embodied in the computer
 tool we have been using is that of fractions as operators.

 Children's schemes for working with fractions as operators have been examined
 by Behr, Harel, Post, and Lesh (1993), Davis (1991), Hunting, Davis, and Bigelow
 (1991), Kieren and Nelson (1978), Kieren and Southwell (1979), and Southwell (1984).

 Behr et al. (1993) have argued that the elementary school curriculum is deficient in

 failing to include the range of concepts relating to multiplicative structures that are

 necessary for learning in middle grades. Operator models of fractions in didactic set-
 tings have also been studied or advocated by Dienes (1967), Braunfeld and Wolfe (1966),
 Freudenthal (1983), Hilton (1983), Pickert (1968), and Usiskin (1979).

 Our approach to studying children's mathematics is based on detailed obseiva-
 tions of children's actions and behavior indicative of scheme reorganization. The
 word scheme means a mental coordination of actions. A scheme is goal-directed
 and consists of three parts (Steffe, Cobb, & von Glasersfeld, 1988). First is the child's

 recognition of an experiential situation as one that has been experienced before. Second
 is the activity the child has learned to associate with the situation. Third is the result

 the child has come to expect of the activity. Piaget (1970, 1972) considered a scheme
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 356 Whole Number Knowledge for Rational Number Learning

 to be a general structure of a set of actions that conserves itself by repetition, con-
 solidates itself by exercise, and applies itself to situations that vary because of con-
 textual modification.

 Research in this paradigm in the domain of whole-number acquisition has gen-
 erated a coherent theory of leaming (Steffe, 1988, 1993; Steffe, Cobb, & von Glasersfeld,
 1988; Steffe & von Glasersfeld, 1985; Steffe, von Glasersfeld, Richards, & Cobb,

 1983). In part the theory is significant because it hypothesizes specific ongoing fun-

 damental changes in the mental functioning of children as they build mathemati-
 cal knowledge, through the guidance of researchers and teachers, as well as
 through interactive communications between their peers and teachers (Cobb,
 Wood, & Yackel, 1990; Cobb, Perlwitz, & Underwood, 1994).

 METHOD

 Ten children were selected for the teaching experiment that commenced in
 May, 1992. These children were all the Year 3 part of a mixed Year 2/Year 3 class
 in a state-funded primary school consisting of predominantly middle-class children

 in Melbourne's eastern suburbs. Their ability range in mathematics was wide. When

 the study began, Elliot and Shannon, the two students we report on in this study,
 were 8 years 4 months and 8 years 11 months old, respectively. They were considered

 by their class teacher to be of average ability overall, but in the light of detailed ini-

 tial interviews and their responses during the teaching sessions, we found them to

 be mathematically able for their ages.
 The methodology used was that of the constructivist teaching experiment (Cobb

 & Steffe, 1983; Hunting, 1983; Steffe, 1984) incorporating adaptations of the clin-
 ical interview (Davis & Hunting, 1991; Hunting, 1983; Opper, 1977). In this method-

 ology a predetermined curriculum is not followed. Rather, the activities of a session
 are decided on the basis of observations and interpretation of children's behavior in

 prior sessions. Although one of us had previously conducted a teaching experiment
 with older children (Hunting, 1986; Hunting & Korbosky, 1990), the Copycat com-
 puter program was a radically different source of fractions experiences, compared with

 those used in that study. Our general goal at the outset of the experiment was to have
 the children investigate the behavior of the Copycat set to the fraction 1/2 and
 progress to explorations of other unit fractions such as 1/3 and 1/4. Our decision to intro-

 duce comparison tasks was based on our assessments of the children's progress at that
 time. We conducted teaching sessions twice weekly for periods of 3 weeks. Each ses-
 sion lasted approximately 20-25 minutes. In a typical morning we would conduct three
 to four sessions--each session working with groups of two or three children. The chil-

 dren were grouped initially according to performance on a set of interview tasks admin-

 istered prior to the teaching sessions. The teaching groups were changed over time
 in response to differential changes in progress and to vary the effect of social dynam-

 ics between children. For example, we conducted a number of sessions with Shannon
 alone because he was not only more advanced than the other children but also
 highly competitive and dominant. The children continued to participate in ongoing
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 Robert P. Hunting, Gary Davis, and Catherine A. Pearn 357

 classroom mathematics instruction. However, we requested that no instruction on

 the topic of fractions be given for the duration of the experiment. A summary of activ-

 ities from the 1992 and 1993 teaching sessions involving Elliot and Shannon can
 be found in Tables 1 and 2. All sessions were video-taped for later analysis.

 Table 1

 Summary of Teaching Activities for 1992

 Date Summary of teaching activities for 1992
 1. May 29 First session was an introductory one, using SuperPaint, sharing designated

 numbers of pieces of chocolate to determine the number of people, when
 given the number of pieces per person.

 2. June 2 Children were introduced to the Copycat program with the fractions hidden.
 They were shown how the buttons on the machine worked and allowed to
 experiment with various inputs.

 3. June 5 Copycat was used this time with the fraction revealed. The following fractions
 were used: 2 for 3 and 3 for 4 using various inputs. Using a 3 for 6 machine
 they realized that although 3 for 6 was equivalent to 1 for 2 they would need
 to be able to divide the inputs by 6.

 4. June 12 A worksheet was given that required the types of machines that would work
 on an input of 20 balls to be listed. Experiments using the computer were
 encouraged but not required.

 5. June 16 Review of 1 for 2 then 3 for 2. Shannon realized fairly quickly that he could
 halve the input number and add it to itself. He went on to try 2 for 1, 4 for 3,
 and 6 for 10.

 6. June 19 Children completed worksheets containing three columns-Number In,
 Number Out, and Fraction. Two entries were given and one was to be found.
 The Copycat program could be used for confirmation or assistance.
 Worksheets involved fractions 1/2 and 1/3. Shannon was given a sheet of
 mixed problems with more difficult fractions.

 7. June 23 Copycat program was used. Session commenced with a review of the previ-
 ous session and completion of worksheets. Two groups were given a sheet
 asking for the output given the input of 6 balls, then 15 balls, using the frac-
 tions 1/3, 2/3, 3/3, 4/3 .... Another group investigated problems involving 2/1,
 1/2, 1/1, and 2/2.

 8. Sept. 1 Copycat used with hidden fractions 2/3, 3/4, and 2/4. Experiments were con-
 ducted to discover the fractions.

 9. Sept. 4 All students were given the same worksheet that listed the fractions 1/4, 1/2,
 1/3, 2/3, 3/4 horizontally, and inputs of 2, 3, 4, 5, 6, 7, 8 vertically. All except
 Shannon used the machine to either prove predictions or solve the problem.

 10. Sept. 8 Different problems were planned for three groups. Alisha and Elliot worked on
 sheets as before but the fractions were fifths and inputs ranged from two to 15.

 11. Sept. 11 Brief exploratory session using the Copycat and SuperPaint. The key problem
 was: "Would the 2/3 Copycat machine work if we put 30 chocolates on the In
 tray?" Shannon and Elliot attempted a worksheet involving comparison of
 pairs of fractions.

 12. Sept. 15 Discussed comparison worksheet. Copycat used to confirm answers.
 13. Sept. 18 Both SuperPaint and Copycat programs were used. Elliot and Shannon

 worked on problems of comparing fraction pairs.
 14. Oct. 13 A large cardboard voting booth was modified to simulate a Copycat machine

 and the children had to design problems for each other using fractions given
 by the teacher. One child was stationed inside the booth and operated on the
 inputs. Problems arose when children put out incorrect outputs.

 15. Oct. 16 Inputs and outputs from the previous session were recorded on a board and
 discussion took place. worksheets were given in which various input-output
 pairs were displayed, and the appropriate fraction required. The sheets encom-
 passed a range of difficulty.

 (table continued)
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 358 Whole Number Knowledge for Rational Number Learning

 Table 1---continued

 Summary of Teaching Activities for 1992

 Date Summary of teaching activities for 1992
 16. Oct. 20 The SuperPaint program was used to make rectangles 3/2 times larger and 3/4

 times larger than a given rectangle. Alisha and Sukey, together, and Elliot by
 himself did this.

 17. Oct. 23 Work on Copycat set to the fraction 5/10, which was hidden. The first input
 was 10. All thought the Copycat was a 1/2 machine. Other inputs attempted
 did not produce expected results.

 18. Oct. 27 Following on from Session 17, the children in the various groups were asked
 to predict numbers that would make a 5/10 machine work. There was some
 discussion about other machines that would work like a 1/2 machine.

 19. Oct. 30 Children in the various groups were asked to explain what they thought was hap-
 pening inside the Copycat, and to explain how a new machine could be built.

 Table 2

 Summary of Teaching Activities for 1993

 Date Summary of teaching activities 1993
 20. May 11 Individual interviews were conducted. Shannon was asked what numbers

 would make 2/4 and 1/3 machines work. He was asked to compare 2/4 and 2/6.
 Elliot was asked similar questions.

 21. May 14 Alisha, Elliot, and Sukey were given a worksheet that asked them to compare
 pairs of fractions (see Figure 2). Shannon had a session by himself with more
 challenging comparisons.

 22. May 18 Fractions on flash cards were given to Elliot and Sukey to compare. Shannon
 (by himself) was asked about 1/2 + 1/3, and 1/2 + 1/4. He was also given sets of
 fraction flashcards to arrange in order.

 23. May 21 Alisha, Elliot, and Sukey were given pairs of fractions on flashcards to com-
 pare. They used Copycat to check. Shannon was asked to reconsider his
 responses to 1/2 + 1/3 and 1/3 + 1/4.

 24. May 25 Alisha, Elliot, and Sukey used SuperPaint with a range of square units con-
 sisting of various partitions. Comparisons such as 1/3 and 1/4, 2/3 and 3/4, 1/2
 and 3/7 were considered. Shannon (by himself) was asked to compare frac-
 tions like 3/5 and 5/8 using the SuperPaint objects.

 25. June 18 Alisha, Elliot, and Sukey were given 7 sets of four fractions on flash cards to
 compare. The last set was 7/4, 3/6, 10/5, 8/8. Shannon (by himself) was given
 two sets of four fractions to compare. He was asked to find a fraction between
 7/4 and 8/8.

 26. June 22 Alisha, Elliot, and Sukey were given the question given to Shannon on June
 18: Find a fraction between 7/4 and 8/8. Shannon (by himself) reviewed frac-
 tion between 7/4 and 8/8.

 27. August 6 Shannon (by himself) was asked to find fractions between 1/2 and 1/3, and
 between 2/4 and 2/6. Elliot and Sukey discussed fractions between 5/4 and 8/8.
 They sorted a set of fractions.

 28. August 25 Elliot and Shannon together work on problems of finding fractions between
 1/2 and 2/5, and between 2/5 and 1/3.

 The Computer Tool

 The Copycat is an operator-like, computer-based learning tool developed in Hypertalk

 2.0 for use on Apple Macintosh computers. Experiments performed may be
 directed at determining what fraction is responsible for observed numerical inputs

This content downloaded from 
������������71.232.212.173 on Sun, 18 Oct 2020 18:51:25 UTC������������� 

All use subject to https://about.jstor.org/terms



 Robert P. Hunting, Gary Davis, and Catherine A. Pearn 359

 and corresponding outputs, or at determining the numerical value of inputs or out-

 puts for selected fractions governing the Copycat's behavior.
 On the Copycat itself are three "buttons"; each can be activated with a mouse-click

 when the cursor is positioned over it (see Figure 1). The arrow buttons control the num-

 ber of counters placed on the "in-tray" (left side of graphic). Counters are added or sub-

 tracted one at a time. The Go button activates a script that determines what the
 Copycat will do. If the number of counters placed on the in-tray is divisible by the frac-

 tion denominator, d, and the Go button is clicked, an observer sees a group of d coun-

 ters removed, one at a time, from the in-tray; simultaneously a distinctive sound is heard.

 Next, counters appear one at a time in the output tray until the number of counters in

 the tray equals the number in the numerator of the selected fraction. A new sound accom-

 panies the appearing counter. This process continues until all the counters in the in-

 tray have been used up. Finally, to the accompaniment of applause, all the counters reappear

 in the input tray; and the windows, above the words "In" and "Out," display the num-

 ber of input and output counters. If the number of input counters is not divisible by d,

 the Copycat "explodes" to appropriate noises. Other buttons-visible and invisible-
 can be used to reset the machine after each experiment and to activate a screen to cover

 the selected fraction. The fraction can be selected by choosing from a restricted set of

 numerators and denominators from the menu bar at the top of the display (not visible

 in Figure 1). Possible numerators are numbers one through eight; possible denominators

 are numbers one through six, eight, and ten.

 Figure 1. Graphical features of the Copycat.

 The Copycat allows children to explore relationships governing inputs and outputs
 of discrete items. If the selected fraction is hidden, the children could be asked to ver-

 balize a rule or reason for the behavior of the Copycat. If the selected fraction is visi-

 ble the children might be asked to predict inputs given outputs or vice versa. Sometimes,

 with the selected fraction hidden, a specific input and output will be given and the chil-

 dren encouraged to search for the appropriate fraction by selecting a numerator and a
 denominator from a menu.
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 360 Whole Number Knowledge for Rational Number Learning

 The Initial Interviews

 All children in the study were interviewed individually 3 weeks prior to commencement

 of the teaching sessions. The set of interview tasks included partitioning of noncontinuous

 items, basic fraction knowledge, verbal counting, counting composite units, quan-
 tification of arrays, and ratios. Shannon and Elliot were remarkably similar in their
 performance on these tasks.

 The partitioning tasks. These involved distribution of items equally between dolls:
 12, 28, and 56 items among four dolls, 19 among three, and a task in which 20 items

 were to be shared equally in as many different ways as possible. For the task of dis-

 tributing 28 items among four dolls, Shannon showed his facility with whole
 numbers by allocating seven items to the first doll, seven to the second doll, and
 so on, indicating that he used numerical operations to anticipate the result. For 56
 dolls he placed 14 items in front of the first doll, saying he was "doing it by fours."

 Further questioning indicated Shannon first considered the results of giving 10 items

 to each doll. This would have left 16 items, which when divided by four, meant 4
 more items would be needed for each doll. On the final partitioning task Shannon
 was able to determine fairly easily, using 20 items to manipulate, the numbers of
 dolls that could share the items equally to be 5, 4, 2, 1, 10, and 20.

 Elliot, like Shannon, also initially gave 10 items to each doll in the 56-item task.
 However, this result was likely an estimate. He gave one to each of the first two dolls,

 but stopped to straighten the lines of items. He then placed another item in front of

 the second doll, continuing by placing items one at a time in order. At the end of
 the last complete cycle, when Elliot had three items left, he began to check. He was

 observed to count each share and make adjustments in a nonsystematic trial-and-
 error fashion. For the task of determining the different number of possible shares

 that could be made with 20 items, Elliot made five groups of 4, split each of the five

 groups to find ten groups of 2, and then split each of the ten groups to yield
 twenty groups of 1. His final successful result was four groups of 5. He unsuccessfully

 attempted to make seven equal groups.

 Counting tasks. Shannon and Elliot were fluent in counting composite units where
 cumulative totals were to be determined as rows of objects were progressively uncov-

 ered. Composite units of two, three..., ten objects were displayed. Verbal count-
 ing skills were also assessed. Both Shannon and Elliot were able to count forwards
 and backwards by twos, threes, fours, fives, sixes, and tens, beginning at any num-
 ber. Elliot displayed verbal behavior reminiscent of a tables singsong. He was slower
 with nines, where he segmented each unit into four and five.

 Array tasks. For the first task, rectangular arrays of small square regions were dis-

 played with instructions to determine their number. Shannon used the strategy of
 relating multiplication facts with the relevant number of items in each row and col-
 umn, or added or subtracted a row or column from a previously computed display.
 Elliot was observed to do likewise. For the second task a large base array (10 x 12)
 was displayed. The interviewer placed different-sized rectangular pieces of card over
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 Robert P. Hunting, Gary Davis, and Catherine A. Pearn 361

 the base array to cover certain subarrays. The problem was to calculate how many
 items were covered. Both children were quite fluent with this task type. They seemed

 able to visualize and count each nonvisible row in the covered array.

 Ratio task. A question typical of the sequence asked was, "There are six dolls and
 I want to give five counters for each doll. How many counters will there be?" Counters

 were available, and six dolls were placed in a line across the table. Shannon gave
 the answer to these questions without reference to counters or physical contact. Elliot

 used multiplication facts for simple tasks, but he also used serial group counting,
 as evidenced by his head movements.

 Fraction tasks. Three types of fraction tasks were given. A square arrangement
 of Cuisenaire rods adapted from a task used by Saenz-Ludlow (1992, 1994)
 showed rods arranged as in Figure 2.

 Figure 2. Unit pattern made from Cuisenaire rods.

 The children were asked to show one half, one quarter, and one eighth of the unit
 pattern. Shannon responded appropriately for the fractions one half and one fourth.

 For one eighth of the unit pattern he divided the rods into two equal parts. Elliot's
 first attempt to show 1/2 was unsuccessful, but on a second attempt he divided the
 rods appropriately. The second task involved coins with denominations of 5, 10,
 20, and 50 cents. Fractions of one dollar were required, including 1/2, 1/5, 1/4, and
 1/10. Shannon did not know the fractions 1/5 and 1/10 in this context. Elliot was suc-

 cessful with these fractions. Small chocolate Easter eggs were used to pose prob-
 lems about an Easter egg hunt for the third task type. Fractions involved were 1/2,
 1/3, and 3/5. Shannon did not succeed with 1/3 or 3/5. Elliot succeeded with 1/2 only.

 Overall Shannon was able to respond appropriately to tasks involving the fractions
 1/2 and 1/4. Elliot was successful with tasks involving 1/2.

 NOVEL COMPARISON SCHEMES

 In the context of comparison tasks given during September 1992, evidence was found

 for two schemes for dealing with given tasks based on the operations of the Copycat.
 In the Equal Outputs scheme, different inputs were compared when similar outputs were
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 362 Whole Number Knowledge for Rational Number Learning

 achieved. For example, a child might imagine the situation where two items placed on
 the in-tray of a 1/2 machine produces one item on the out-tray, and four items placed on
 the in-tray of a 1/4 machine also produces one item on the out-tray. The Equal Outputs
 scheme was reinforced by the way the Copycat program worked as it dealt with
 appropriate inputs. When fractions to be investigated were unit fractions, the Copycat
 algorithm showed repeated outputs of one item for every group of items correspond-
 ing with the denominator, and provided the Copycat would operate on the given
 input, there would always be an output of one no matter what the input number (or denom-

 inator) happened to be. In the simplest cases, involving unit fractions, inferences about
 the relative sizes of fractions are based on an inverse relationship between size of frac-
 tion and size of denominator. As one child explained when arguing why 1/2 was larger
 than 1/3: "If you put three in then only one will come out, but if you put two in then one

 will come out, but two is smaller than three so it makes it bigger." That two being smaller

 than three should lead to the conclusion that 1/2 was larger suggests that this child was
 drawing on other experiences of quantities and numerical relationships, such as the pres-
 ence of a part-whole scheme in which a unit partitioned into two gives larger parts than
 a similar unit partitioned into three (Behr et al., 1984).

 A different scheme, called the Equal Inputs scheme, was also used when two frac-
 tions were to be compared. In this case the child searched for some number that would
 make the Copycat work when either of the fractions was selected. A comparison
 of numbers of output items would then be made. There is a direct relationship between
 the size of the fraction and the number of output items for that fraction; the larger
 the number of output items, the greater the fraction. For example, to compare 1/2
 and 1/3, a child might select six for an input number. For a 1/2 machine, three items
 would be output; for a 1/3 machine, two items would be output.

 A third scheme used by Shannon later in 1993, called a Scaling scheme,was not
 unique to use of the computer program but was used powerfully in a number of com-
 parison tasks presented. Fractions were scaled up or down, using addition or dou-
 bling and halving of whole numbers and of fractions. For example, to find a
 fraction between 2/5 and 1/3, Shannon tested

 3
 4

 5

 by adding 13/4 three times to verify that five-and-one-quarter fifteenths was greater
 than five fifteenths.

 RESULTS FROM THE TEACHING SESSIONS

 Results are reported from the 12th teaching session in 1992, when simple pairwise
 comparison tasks were introduced, and from sessions in 1993, where more challenging
 comparison tasks were given that involved ordering sets of fractions on flash cards.

 The First Set of Comparison Tasks (September 1992)

 The first comparison tasks were worksheets consisting of pairs of fractions
 with the instructions "Use the Copycat to work out which of the two fractions is larger.
 Write a sentence to explain your reason" (see Figure 3).
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 Robert P. Hunting, Gary Davis, and Catherine A. Pearn 363

 Shannon (11 September 1992). The first pair of fractions on the first worksheet
 were 1/2 and 1/3. Shannon considered the task by himself while Elliot used the com-

 puter to complete work from a previous session. When Elliot was given the work-
 sheet Shannon moved to the computer. Shannon set the Copycat to 1/2, input two
 items, clicked the Go button, and observed the Copycat output one item. After set-

 ting the machine to 1/3, he input three, clicked the Go button, and observed one item

 output once again.

 Use the Copycat to work out which of the two fractions is larger.
 Write a sentence to explain your reason.

 1 1

 2 3

 1 1

 5 2

 1 1

 2 4

 Figure 3. Sample worksheet.

 T: Okay now, what happened?
 Sh: One came out for the one half and one for the one third.

 T: Yes, so what does that tell you?
 Sh: So, if you put in six you would have two coming out, and if you put in six for the half,

 you would have three coming out.

 Although Shannon notices the equality of outputs as a result of his experiment, with-

 out further interaction with the Copycat he switches to the Equal Inputs scheme, choos-

 ing six items. However, when the teacher asked Shannon to work out the difference between

 1/2 and 1/3, his answer showed that the Equal Inputs scheme was unstable.

 Sh: You don't have to use as much bits (items) to make one come for one half as for one third.

 One week later Shannon again began an argument based on the Equal Outputs
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 364 Whole Number Knowledge for Rational Number Learning

 scheme and switched to the Equal Inputs scheme. He had begun a justification for
 concluding that 1/3 was larger than 1/5:

 Sh: There's this-needs, uses up, more bits just to get one with one third. You use up more
 bits with one third. One third-you only need three to get one bit and with one fifth
 you have to take up five to get one fifth.

 But when the teacher asked: "Why does that make one third larger?" Shannon
 began to use the Equal Inputs scheme.

 Sh: 'Cause every three, like you put in 15, and you get five out.
 T: Uh-huh.

 Sh: 'Cause you only put in three and leave ... and it gives you one, but if you put in one
 fifth too, at 15, you only get three out.

 Elliot (15 September). To compare 1/2 and 1/3 Elliot had the Copycat set to one
 third. He input nine and observed three come out. He then reset the machine for 1/2

 and input two. He realized the desirability of choosing the same number of items
 for each fraction. On his worksheet he wrote: "A half would be more because a third

 takes away more than a half." The teacher asked him to explain.

 E: Because, um, so a six, right, then a half of it, that's three, and a third takes away four.

 Elliot focused on the differences between corresponding inputs and outputs. His
 explanation indicates that he used the Equal Inputs scheme. The reference to "a third
 takes away four" is consistent, for the fraction 1/3, with an input of six leading to
 an output of two, the resulting difference being four. However, his emphasis on the

 difference across input and output reflects commonly observed early thinking
 about ratio that involves additive rather than multiplicative relationships.

 Elliot (18 September). Three days later Elliot and Shannon were continuing with
 a worksheet from the session of 15 September. Elliot announced to the teacher that
 1/2 was larger than 1/5.

 E: So each five, one comes out, for each two-half comes out-put in 10, then it's going
 to come out two (pointing to symbol 1/5 on the worksheet), that's going to come out
 five (pointing to the symbol 1/2 on the worksheet).

 Elliot described the behavior of the Copycat. Although he knew that an input of five

 items would result in success for a 1/5 machine, and likewise an input of two items
 for a 1/2 machine, he also knew that an input of ten items would have different con-

 sequences for each of these fractions. In the task following, involving comparison of
 1/3 and 1/5, Elliot knew three input items for a 1/3 machine would result in a single out-

 put, and that five input items for a 1/5 machine would also output one item. However,

 for this task he was unable to use the Equal Outputs scheme to reach a conclusion.
 Later in the same session Elliot reconsidered the fractions 1/3 and 1/5 at the com-

 puter. He engaged in discussion with two of the investigators:

 E: They're the same. If you put in six, two will come out; if you put in ten, two will come
 out.

 TI: Uh-huh. But up here (pointing to previous task involving 1/2 and 1/4), you said you put
 four in for this and four in for that.

 E: (Sits silently for a few seconds.)
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 TI: You put the same in for each. Is there a number that this fraction will work on and this
 fraction (pointing) will work on?

 E: No.

 TI : Uh-huh.
 T2: Are there some numbers you could experiment with?
 E: (Puts five into 1/5 machine-machine works).

 TI: Okay, five makes that work, but will five make a 1/3 machine work?
 E: No.

 TI: All right, is there another number that can make a 1/5 machine work?
 E: (Resets Copycat to 1/3. Inputs five, clicks on Go. The Copycat explodes.)
 T2: What other numbers can you try, Elliot?

 TI: What numbers make the 1/3 machine work?
 E: Nine.

 TI: Mmm. What other numbers?
 E: Six.

 TI: Yeah, what's going to come out for six?
 E: Two.

 TI: Okay, what other numbers make the 1/3 machine work?
 E: Twelve.

 TI: What's going to come out?
 E: Um, four.

 TI: Uh-huh. All right. The question is, is there any number that makes the 1/3 machine
 work, and also makes the 1/5 machine work?

 Elliot did not respond to this question. Shannon was invited to take a turn at
 the computer.

 TI: Explain it to him (Elliot moves over). Big voice so everyone can hear.
 Sh: (Machine is set to 1/3. Inputs 15.)
 E: Oh, yeah.
 Sh: (Clicks mouse on Go button. Five items are output.)
 E: Oh, yeah, three will come out of the fifth machine.

 Elliot was able to use his whole-number knowledge to anticipate the output num-
 ber for an input of 15 when the machine was set for 1/5. But he needed assistance
 to consider 15 as a possibility. In contrast, Shannon showed that he could envisage
 other possibilities as input numbers:

 Sh: Could have 30, too.

 T: Okay, so. All right? Mmm. Good.
 E: Thirty could work as well.
 T: How do you know that?
 Sh: Yeah, and 45, and 60, and 75 and 80 (puts hand up to face), not 80.

 Elliot was less successful than Shannon at coordinating whole-number sequences to
 solve fraction comparison tasks. In the initial interviews Elliot was successful with count-

 ing tasks involving numerical sequences but demonstrated rote-like responses. His lack
 of depth of understanding prevented him from succeeding with the second task.
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 During these sessions in September 1992 we observed Shannon and Elliot use
 two basic schemes to deal with comparison problems involving two fractions. The
 Equal Outputs scheme was based on having the Copycat respond to different
 numbers of input items. It is a more fundamental scheme because it does not require
 the coordination of numerical sequences between different fractions. On several occa-

 sions Shannon switched to the Equal Inputs scheme to respond to given tasks. Elliot
 also used this scheme. The Equal Inputs scheme requires a sound knowledge of whole
 number relationships-principally, strategies to find numbers divisible by each frac-

 tion's denominator. A question of interest is just how a successful student might
 determine the "right" number when applying the Equal Inputs scheme.

 The Second Set of Comparison Tasks (May, June, and August 1993)

 During teaching sessions conducted in May, June, and August 1993, a different
 type of comparison task was given to the children. Sets of fraction flash cards were
 administered, and the children were asked to place the cards in order from largest
 to smallest. Initially these cards were administered one at a time, so that the
 teacher had control over which card to reveal next, according to the previous
 cards placed out. Subsequently a set of five or six cards together would be given
 for the children to sort. As the children gained in proficiency, a more challenging
 task was given: to find a fraction between two given fractions. In these teaching ses-
 sions the Copycat was available. However, Shannon and Elliot rarely used it.

 Shannon (11 May 1993). The first 1993 session with Shannon was an individ-
 ual interview. After some preliminary discussion about what numbers would
 make a Copycat go that was set to the fractions 1/3, 2/3, and 4/3, Shannon was asked

 to compare the fractions 2/4 and 2/3. The Copycat was available on the table. The
 teacher wrote the two fractions on a sheet of paper in front of Shannon and asked,
 "What's the difference between those two fractions? Is one larger than the other,
 or are they both the same, or what? If one is larger, how much bigger is it than the
 other?" Shannon responded, saying that 2/4 was larger.

 Sh: (Points to 2/4) That one takes more in than the other one.
 T: Which one's that?

 Sh: Two fourths.

 T: Mmm.

 Sh: That one takes in four blocks (pointing to 2/4), and that one takes in three (pointing
 to 2/3).

 Shannon maintained that 2/4 was one larger than 2/3. For the Equal Outputs scheme
 to work Shannon had to remember that the greater an input number, the smaller the
 fraction. But on this occasion Shannon did not seem to be aware of the need to make

 this compensation. At this point the observer-researcher (represented by O in the
 transcript) interjected by asking, "What number could you put in that would ... that
 you could use with the 2/4 machine and the 2/3 machine?" Shannon's almost instant
 reply was 12.

 O: Why did you choose 12?
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 Sh: Because four threes are 12 and three fours are 12.

 O: What will come out of which one?

 Sh: Six will come out of 2/4. Eight will come out of the 2/3.

 T: Ah. Okeydoke. But you told me before that 2/4 was the largest fraction.
 Sh: (Points to 2/4 on the sheet of paper) Only that it looks like it.

 Elliot was given the same comparison task in a separate interview. He also said 2/4
 was larger. When asked to check his answer with the Copycat, he tried to input six items.

 This number failed for 2/4. It was suggested that he make a list of inputs and outputs
 that made each of the machines work. This he did in a systematic fashion by adding
 on lots of three (in the case of 2/3), based on previously identified inputs, and lots of
 four (in the case of 2/4). But he was not able to detach himself from the detail of each

 list he had constructed in order to search for a common input from each list.

 Elliot (14 May 1993). Insight was gained into how Elliot determined the num-
 ber of inputs in a discussion about what he had written when comparing 1/2 and 1/4.
 He said that 1/2 was larger "because if you put 12 in six comes out and on the other
 one (1/4) three comes out.

 T: Is there a smaller number you could use for both machines?

 E: Eight.
 T: Is there a smaller number?

 E: No.

 T: Can you think of a larger number that you could use with both of them?
 E: Than 12?

 T: Mm.

 E: Um, let's see. Let's see, um, 16, 20, 24, 28, 32, 36,...

 T: What numbers are they?
 E: Just add on four. 'Cause two goes into four.

 Elliot understood that whatever input numbers worked for 1/4 would also work
 for 1/2. The fact that he was able to generate a list of multiples of four indicates his
 familiarity with this sequence. We do not know why he chose 12 to begin with. We
 could speculate that Elliot knew on the basis of experience that 12 worked as an input
 number for many fractions, and he therefore decided to choose the most likely can-
 didate. Shannon was also able to exhibit many possibilities for input numbers. When
 comparing 3/4 and 6/8 he said, "If you did 40, they would be both the same." After
 being asked whether there would be a smaller number, Shannon offered 24, 16, and
 8 as candidates.

 Elliot (18 May 1993). On this occasion the flexibility of the Equal Inputs scheme
 was put to the test, because more than two fractions were to be compared. The teacher

 introduced fractions on flash cards one by one and asked Elliot and Sukey to place
 them in order from largest to smallest on the desk top in front of them. Elliot was
 ebullient and dominant. Sukey was, by nature and temperament, quiet and passive.
 The order of presentation was as follows: 1/2, 1/4, 1/5, 1/3, 2/6, 1/10, 5/10, 3/6, 2/3. Elliot

 had noticed the relationship between size of fraction and denominator. In his
 words, "If the number down the bottom is bigger then it would probably be the smaller
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 one." This relationship helped Elliot and Sukey to sort the first three flash cards.
 The teacher then introduced 1/3. After considering the situation a minute, Elliot placed
 the 1/3 card between 1/4 and 1/5.

 T: All right, give us a reason.
 E: Because if you put 12 in, on this one three will come out (pointing to 1/4), and if you

 put 12 in that one (pointing to 1/3) four will come out.

 T: What happens with this one (points to 1/5) when you put 12 in?
 Su: It's not dividing.
 E: It won't work.

 T: Uh-huh. Mmm. What do you think, Sukey. Is he right?
 Su: (Nods head.)

 T: Okay, so you're telling me this is the largest fraction, one half (points to 1/2 and both
 nod), this is the next largest (points to 1/4 and both nod), this is the next largest (points
 to 1/3). You told me that this fraction (1/3) is smaller than this fraction (1/4).

 Su: (Silence.)

 E: (Silence.)
 T: One third is smaller than one fourth.

 E: Oh, I forgot to turn them around (switches order to 1/2, 1/3, 1/4, 1/5) two, three, four, five.

 Elliot used the Equal Inputs scheme to determine the order of 1/3 and 1/4. But the

 relationship between 1/4 and 1/5 was untested by this means. Rather, the pattern of
 the increasing order of denominators seemed to satisfy these children. Elliot was
 able to confirm that 1/3 and 2/6 were equivalent on the basis of the number 12 as an

 input. He decided that 1/10 was smaller than 1/5 by applying 10 in the Equal Inputs
 scheme. From this point on in the session, Elliot was able to make pairwise com-
 parisons using different numbers as inputs. For example, he sorted 1/10 and 3/6, hav-

 ing chosen 30; determined that 3/6 and 5/10 were equivalent, also using 30; and ordered

 1/4 and 3/6, using 12. As he considered the order of 3/6, Elliot said,

 Is it bigger than this one (5/10)? Let's see, 10, 5, 12, 6,... 30, 30, I think that one's larger,
 let's see (whispers), 15 will come out. They're the same, because if you put 30, 15 will
 come out (pointing to 3/6) and if you put 30, 15 will come out as well (pointing to 5/10).

 His utterances 10, 5, 12, 6,... 30, 30 are a possible record of his search for a sat-
 isfactory input that would work for both fractions. It is likely that he mentally tested

 10 as input in a 5/10 machine, giving five, then tested 12 as a possible input in a 3/6
 machine. How he settled on 30 is not known. By the time the sequence had been
 determined, Elliot's Equal Inputs scheme had been extended into a more encom-
 passing scheme in which the Equal Inputs scheme had reached a degree of adapt-
 ability so that it was applied repeatedly, often requiring different numbers for each

 pairwise comparison in order to make a decision. A key hurdle for each compari-
 son was the choice of an appropriate input number. An indication of one way Elliot
 knew how to approach this problem was observed 3 days later.

 Elliot (21 May 1993). Elliot, Alisha, and Sukey worked together sorting out flash
 cards with fractions such as 2/4, 2/6, 3/4, 2/3, 1/6, and 1/8 written on them. In consid-

 ering the order of the fractions 3/4 and 2/3, Elliot was observed to say,
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 What's the number three goes into and four? Let's see, three times four is 12, so ... (looks
 at 2/3) 12 goes in, eight will come out. What about the other (picks up flash card with
 3/4), if you put 12 in, nine will come out (places 3/4 ahead of 2/3 on the table).

 Elliot found that by multiplying denominators he could determine a number that
 would serve him as he implemented the Equal Inputs scheme. This reasoning did
 not become routine for determining a common input number for Elliot. Immediately

 after this moment he used 20 to compare 3/4 and 2/10 and 10 to compare 1/2 and 2/10.

 Elliot's approach was much more an intuitive trial-and-error test, as his approach
 to comparing 2/6 and 1/5 showed:

 E: Two sixths. Six goes into 20, no 30.

 It is fair to claim that Elliot tried 20 to begin with because it was a multiple of
 five but had to reconsider when he found 20 was not a multiple of six. It is consistent
 with previous behavior that Elliot possibly counted on by fives until a number he
 knew to be a multiple of six was reached.

 Shannon (22 June 1993). During an earlier teaching session on 18 June, Shannon
 was asked to compare the following set of fraction flash cards: 7/4, 8/8, 10/5, and 6/3.

 He was able to do this task without any difficulty. The teacher then presented a blank
 flash card and asked Shannon to write a fraction that would go between 7/4 and 8/8.
 He wrote

 1 7g
 2

 8

 At the next session, on 22 June, after reviewing the set of fractions that were presented

 on 18 June, Shannon was once again asked to find a fraction between 7/4 and 8/8.
 Sh: There's two.

 T: Just one will do for a start.

 Sh: (Writes 11/4.)
 T: What is 11/4 as a fraction without a whole number?

 Sh: (Writes 6/4.)
 T: Is there a fraction between 6/4 and 8/8 (puts down blank card) ?
 Sh: (Writes 5/4.)
 T: Is there a fraction between 5/4 and 8/8?

 Sh: (Writes 15/8.)
 T: How many eighths is that?
 Sh: That's one (changes to 11/8).
 T: How many eighths is 11/8?
 Sh: Nine eighths.
 T: Nine eighths. Good. That's good. So let's see. Nine eighths is larger than 8/8, but is

 it smaller than 5/4? Can you explain how it is?

 Sh: This would be 10/8, because you have to double the top number and you have to dou-
 ble the bottom number.

 T: That's good. Very good. So what goes there (points to space between 8/8 and 9/8)?
 Is there a fraction between those two (places down another blank card)?

 Sh: (Writes 11/16.)
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 T: Okay, that's very good, that's very good.
 O: Has Mum been helping you?
 Sh: No.

 O: Has Nathalia (older sister) been helping you?
 Sh: No.

 Shannon's first two responses indicate that he knew two solutions to the prob-
 lem-5/4 and 6/4. He also showed that he knew 8/8 was equivalent to one, by writ-
 ing 5/4 as 11/4 and by renaming 11/8 as 9/8. His subsequent responses of 11/8 and 11/16

 indicate a knowledge of the relative magnitudes of quarters, eighths, and six-
 teenths. His identification of the fraction 5/4 as 10/8 was the first indication of

 what we call a Scaling scheme. Shannon initially scaled up or down, as he did here,
 by doubling or halving. He later used this scheme with impressive results in other
 tasks requiring the generation of fractions between given fractions.

 Elliot and Shannon (25 August 1993). On 6 August, Shannon was asked if
 there was a fraction between 1/2 and 1/3. He required some assistance. Shannon agreed

 with 2/5 as the teacher's suggestion, after considering the related problem of find-
 ing a fraction between 2/4 and 2/6 (see Figure 4). He wasn't sure if there was
 another fraction different from 2/5 between 1/2 and 1/3. On 25 August Elliot and Shannon

 worked together. The teacher returned to the question of finding another fraction
 between 1/2 and 1/3.

 2

 4

 2

 6

 1

 2

 2

 5

 1

 3

 Figure 4. Finding a fraction between one half and one third.

 T: Is there another fraction not equivalent to 2/5 that would go between 1/2 and 1/3?
 Sh: Two-and-a-quarter fifths.
 T: Two-and-a-quarter fifths.
 E: That would be four-and-a-half tenths.

 T: Keep going.
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 E: That would be nine...

 Sh & E: (Simultaneously) nine twentieths.

 Discussion followed about on which side of the 2/5 flash card 9/20 would lie.

 E: No wait, wait (points to the 2/5 card). Four times five is 20, 20 goes in, eight comes out.

 Sh: That (points to 1/2 card) would give you 10; that (points to 9/20) would give you nine.

 E: Yeah, all right, yeah, and that will give you eight (pointing to 2/5), and that will give
 you s-(points to 1/3). No, that can't go in.

 The teacher interrupted to ask if there was another fraction between 2/5 and 1/3.
 Shannon proposed one-and-three-quarter fifths. By adding 13/4 three times, Shannon
 was able to conclude that five-and-one-quarter fifteenths was indeed greater than
 five fifteenths. This was a further development of a Scaling scheme identified pre-
 viously. He went on to use this scheme to show

 3
 4

 5

 to be equivalent to 7/20.

 T: Can you explain to Elliot how it works?
 Sh: 'Cause you're using up four one-and-three-quarter fifths, which is equaling up to seven,

 and then four plus twenty, so 7/20.

 The next fraction to be considered was 3/10. Shannon's approach was to convert
 it to fifths. Elliot was able to use the Equal Inputs scheme to locate it behind 1/3. This
 was a rare occasion when Elliot was quicker to find a solution than Shannon.

 T: Where does 3/10 go?
 E: (Writes it down on a flash card.)

 T: Does it go on top of these (indicating 1/3 and 2/6)?
 Sh: It's one-and-one-half fifths.

 E: It's smaller, Shannon (places 3/10 behind 1/3).
 Sh: How?

 E: Because if you put 30 in this one (3/10) nine will come out, and if you put 30 in this
 one (1/3) 10 will come out.

 The session began by considering a fraction different from 2/5 between 1/2 and 1/3.
 These children were able to construct and locate fractions 7/20 and 9/20 in relation

 to given fractions and, in addition, locate the fraction 3/10 correctly (see Figure 5).
 This impressive performance was due to the appropriate use of two schemes: a Scaling
 scheme, whereby fractions were scaled up or down according to need, mainly using
 doubling or halving of whole numbers and of fractions, and the Equal Inputs
 scheme, based on the behavior of the Copycat. The Scaling scheme was a tool that
 Shannon used very effectively. It is not known what experiences were responsible
 for its genesis, although there were numerous tasks in the teaching experiment that
 provided opportunities for its exercise and development.

 DISCUSSION

 The purpose of the teaching experiment was to investigate children's fraction learn-

 ing and the role their whole-number knowledge might play in it. A major, though
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 2

 4

 4

 10

 2

 6

 1

 2

 9

 20

 2

 5

 7

 20

 1

 3

 3

 10

 Figure 5. Finding other fractions between one half and one third.

 not unique, feature of the teaching sessions was the use of a computer-based
 learning setting called Copycat. The Copycat program instantiated an "operator"
 interpretation of rational numbers and was purposely chosen to activate the students'
 knowledge of whole numbers. Data reported here traces the development, over a
 12-month period, of two 81/2-91/2-year-old students' deepening understanding of
 rational numbers as they engaged in problems of fraction comparison and equiv-
 alence. Although these students were initially encouraged to use the computer tool
 to help them solve given tasks (indeed, the computer was available for them to use
 at all times), they primarily relied on their own knowledge of whole-number rela-
 tionships to make decisions in relation to the fractions being investigated. In 1992,
 the comparison tasks consisted of pairs of unit fractions. During 1993, the tasks became

 more complex, with sets of up to seven or eight fraction flash cards to be ordered.
 These included equivalents of one half, thirds, fourths, whole-number equivalents
 such as 6/3 and 3/1, and so-called improper fractions such as 7/4. The most challenging

 type of task was to find a fraction between two given fractions. Almost all comparison
 tasks were nonstandard problems that would not be found in conventional elementary
 school mathematics textbooks. The flash card tasks were challenging, and the stu-
 dents were enthusiastic in their efforts to order them.

 We have identified three schemes that Elliot and Shannon used effectively to com-

 plete the given tasks. The Equal Outputs and Equal Inputs schemes were general-
 izations of Copycat behavior observed by Elliot and Shannon. The Scaling scheme
 was an innovation of Shannon's. In the Equal Outputs scheme there is an expec-
 tation that different inputs for different fractions will lead to identical outputs. An

 appropriate conclusion about the relative sizes of two fractions requires a coordi-
 nation between the sizes of the fractions being compared and either the sizes of the
 corresponding inputs or the differences between each input and its corresponding
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 output. This amounts to the construction of an inverse relation between fraction size

 and input. In 1992 evidence for the Equal Outputs scheme was found in the early work

 of Elliot and Shannon and also in the first session in 1993. The Equal Outputs scheme
 came to be replaced by the Equal Inputs scheme. The Equal Inputs scheme has as its
 primary goal the identification and selection of a number that makes the Copycat "Go"

 for each fraction. What is needed is a number that is a common multiple of the denom-

 inators of the two fractions. Observed strategies for selecting an input candidate
 included remembering and comparing lists of multiples of each denominator. There were

 numbers, which by nature of their prime factorization, seemed regularly to lead to suc-

 cess-for example, 12, 20, 24, and 30. Numbers such as these were often tried first. Elliot

 was observed to count with units corresponding to a denominator of interest. In this way

 he would search for a common multiple. Often he would truncate the counting sequence

 by not commencing at the beginning. Or he would choose a number he knew to be divis-

 ible by one of the denominators and check if the other denominator would divide it. If

 not, he would proceed further in the number sequence.

 It is of interest to ask how the Equal Outputs scheme came to be overtaken by
 the Equal Inputs scheme. As we have already said, the Equal Outputs scheme was
 attractive in the earlier stages of the tasks because for comparisons where both frac-

 tions had numerators of one, an input corresponding to a denominator would
 automatically produce equal outputs of precisely one. Also, the process by which
 the Copycat went about operating on its input-its algorithm-reinforced the
 notion of one for each number corresponding to the denominator. In the case
 where composite (nonunit) fractions are to be compared, the choice of input is not
 a simple matter, and if the denominators are chosen, equal outputs will not result.
 The Equal Inputs scheme will be more effectively applied in a situation to the extent

 that the student has a facility with the relevant whole-number sequences. As a stu-

 dent's knowledge of whole-number sequences gathers strength and consolidates,
 leading to greater efficiency in identifying an input candidate, the Equal Inputs scheme

 becomes more attractive. Once an appropriate input has been selected, there is a direct

 relationship between the magnitude of the output and the magnitude of the fraction.

 The investigators may have implicitly encouraged use of the Equal Inputs scheme
 by asking students for justifications when the Equal Outputs scheme was used but
 not when the Equal Inputs scheme was used. Asking for a justification can be inter-

 preted by a student as an indication that they have given an incorrect or unaccept-

 able response. A reason for soliciting justifications upon evidence of the Equal Outputs
 scheme was that this behavior was something of a novelty for the investigators.

 Shannon used a Scaling scheme to find fractions between given fractions. His gen-
 eral approach was to take a known fraction-usually one of the boundary fractions-
 and create a new fraction by reducing or increasing the numerator a small fractional

 amount. For example, on 25 August he constructed 9/20 between 1/2 and 2/5 by cre-
 ating the fraction

 1

 4
 5'
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 which, with Elliot's assistance he scaled up to
 1

 2
 10'

 then 9/20. It is not known how Shannon came to construct this scheme. There was

 no discussion related to this kind of possibility in any of the teaching sessions. He
 was asked by one of the investigators if he had been taught about this at home, which
 he denied. He did have older sisters with whom he may have discussed tasks from
 the teaching experiment. However, there were numerous opportunities for Shannon
 to observe the equivalence of such fractions as 1/2, 2/4, 3/6, and 5/10. He may well have

 noticed the essential similarity between these symbols and the behavior of the Copycat

 when set to "behave" in accordance with these fractions. The impressive feature of
 Shannon's scheme was not that he understood that equivalent fractions were
 related by a scaleable property but that he could make this knowledge work for him
 in a powerful way. It is of interest that these students did not have any difficulty writ-

 ing or interpreting complex expressions such as
 1

 4

 5

 Elliot and Shannon were two of the most adept students in this teaching exper-
 iment. They had different personalities and approaches to solving the problems we
 gave them (Davis, Hunting, & Pearn, 1993). But they-Shannon more so-had a
 superior grasp of whole-number relationships compared with many of the other chil-
 dren in the experiment. Not only did Elliot and Shannon have automatic recall of
 a plenitude of multiplication and division facts, they also had well-developed
 thinking strategies for relating numbers and quantities. Of particular importance was
 their knowledge and application of sequences of composite units-such as
 sequences of threes, fours, and so on. We claim that the types of tasks we presented
 during the course of the experiment assisted these children in refining and consolidating

 their knowledge of whole numbers and their interrelationships.
 There are differing views on how rational numbers should be taught. One view

 holds that a number of interpretations of rational numbers should be taught, begin-
 ning from the earliest experiences, to encourage learners to translate between and
 within representations (Behr et al., 1984; Post, Cramer, Behr, Lesh, & Harel,
 1993). Streefland (1991) distinguished three levels-between physical objects
 requiring division and measurement, visual models and magnitudes, and a formal
 level of systematic subject matter with its rules and laws. He proposed that instruc-
 tion integrate work at each of these levels. Another view favors teaching one
 interpretation in some depth before broadening to introduce other interpretations.
 Our approach was consistent with the work of Mack (1990, 1993), who suggested
 that rather than attempting a broad-based approach to developing understanding of
 rational numbers, a viable alternative may be to develop a particular conception,
 then expand that conception once students can relate mathematical procedures and
 their symbols to their informal knowledge. Our project's emphasis on an operator-
 ratio approach is supported by other recent work of Resnick and Singer (1993) and
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 Lamon (1993a, 1993b), who have investigated the development of children's
 notions of ratio. Results reported here provide some support for the "one interpretation"

 approach. Certainly the operator-like Copycat setting allowed these students to develop
 powerful reasoning that enabled them to solve challenging problems cast in this set-
 ting. The platform for this reasoning was whole-number knowledge. We do not claim

 that operator or ratio embodiments of rational numbers are the only way.
 Measurement and partition-based approaches using continuous quantities may be
 equally viable alternatives. The children in this teaching experiment certainly had
 some measurement- and partition-based understandings of fractions, which we delib-

 erately did not attempt to foster. One possible drawback of the Copycat is its rejec-

 tion of inputs not divisible by the denominator. For example, one third of seven cannot

 be done. How students taught with this program would deal with such a task is an
 open question. This study demonstrates that students can solve challenging tasks
 involving the order and comparison of rational numbers provided that appropriate
 whole-number knowledge and strategies are available to them. The operator-like
 Copycat software was an important tool used to stimulate and harness knowledge
 of whole-number relationships.

 Regardless of whether the "one interpretation" approach is best, data from this
 study offer an alternative view of the role that whole-number knowledge might play

 in rational-number learning. We have noted other research that has viewed the influ-

 ence of whole-number knowledge as debilitating or an interference. A reason for
 this may be that there are valid physical settings and contexts involving quantities

 that do not draw on whole-number knowledge in any goal-directed way. Initial Copycat

 tasks invited children to observe and investigate a considerable number of numer-
 ical relationships that came to be associated with fractions. Some numerical rela-
 tionships would have been known from other contexts; others were refined and extended

 in the process of investigating a Copycat problem. Later, after 12 sessions, the chil-

 dren began to investigate comparison tasks with a background of whole-number expe-

 rience that had become purposefully associated with Copycat phenomena. Premature

 introduction to symbolic notation before adequate opportunities for experiential foun-

 dations have been laid courts inappropriate interpretation. We avoided emphasiz-
 ing formal fraction notation initially, preferring to refer to the operators verbally.
 Although Copycat displayed the fraction of interest (if it was not hidden by a screen),

 no explicit attention was drawn to it. The computer setting allowed the children to

 consider relationships between inputs and outputs from the perspective of their whole-

 number experience. Another cause of whole-number interference is the introduc-
 tion of an unfamiliar task. Children often return to naive strategies in the face of a

 new level of difficulty. Even Shannon (11 May) was observed to lapse in spite of
 our efforts to avoid the problem. In that case it was possible to explicitly invoke the
 Equal Inputs scheme to set up a contradictory situation.

 This study underscores the importance of children having a firm foundation in
 whole-number strategies and relationships established in the early years of school-
 ing. Other children in this teaching experiment were given similar tasks and prob-
 lems initially. Their ability to succeed with those tasks and problems was constrained
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 by their facility with, and knowledge of, whole numbers and their relationships. The

 kinds of rational number tasks and problems that were given in this study had a pos-

 itive effect of stimulating growth and exercising existing whole-number knowledge.

 Although it is true to say that to succeed in the given tasks a foundation of whole-
 number knowledge was needed, it is equally true that the tasks stimulated and encour-

 aged further facility with whole numbers and their relationships. Thus, for all children

 who undertook the teaching experiment, their knowledge of whole numbers was
 strengthened and improved as a result of the experiences they had. This in turn allowed

 them to experience greater success with rational-number tasks.
 In conclusion, we learned from this study that elementary students' whole-

 number knowledge could be tapped in a positive way to teach basic fraction con-
 cepts. Further, development of rational-number knowledge and whole-number knowledge

 was interdependent. Rational-number tasks in operator settings such as that used
 with Copycat helped stimulate and extend children's whole-number knowledge. Fraction

 settings provided by the Copycat program allowed students to investigate problems

 of order and equivalence meaningfully by drawing on and expanding their prior knowl-

 edge of whole-number relationships. Novel cognitive schemes, which reorga-
 nized the students' whole-number knowledge in new ways, were used to solve fraction

 comparison tasks. These schemes were an Equal Outputs scheme, limited in effec-
 tiveness to comparisons of unit fractions; an Equal Inputs scheme that activated strate-

 gies for determining a common multiple; and a Scaling scheme in which fractions
 were scaled up or down using ratios. The operator interpretation of rational num-
 bers would seem to be a viable approach to teaching basic fraction concepts and might

 be used to complement other interpretations such as part-whole and measures.
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